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We present a Kuramoto–XY synchronisation study with heterogeneous natural frequencies, sim-
ulator baselines, and ledgered IBM Heron r2 evidence. A Rust/PyO3-assisted pipeline enables
entanglement entropy, Krylov complexity, OTOC scrambling, and Floquet discrete-time-crystal di-
agnostics for systems of 2–16 qubits. Legacy ibm fez artefacts include Bell, QKD, VQE, ZNE,
Trotter, and UPDE rows that must be cited by committed artefact path rather than as aggre-
gate validation. Finite-size diagnostics are consistent with Berezinskii–Kosterlitz–Thouless scaling
in the small systems studied, including a periodic-boundary central-charge estimate c = 1.04 at
n = 8, while larger sizes show finite-size drift. The same exact-simulation diagnostics show sub-
harmonic Floquet response and non-ergodic level-spacing behaviour for heterogeneous frequencies.
A hardware-anchored scaling analysis gives a resource boundary for exact Hilbert-space simulation;
it is not a broad quantum-advantage claim because Rust Kuramoto ODE baselines remain faster
for the measured n ≤ 16 observable-level regime. All code, data, and figures are open-source at
https://github.com/anulum/scpn-quantum-control.

INTRODUCTION

The Kuramoto model [1] describes N coupled oscil-
lators with natural frequencies ωi and coupling matrix
Kij :

dθi
dt

= ωi +
∑
j

Kij sin(θj − θi). (1)

At critical coupling Kc the system undergoes a synchro-
nisation phase transition characterised by the order pa-
rameter R = N−1|

∑
k e

iθk | jumping from zero to a finite
value.

The quantum analogue maps this to the XY spin
Hamiltonian [2]:

H = −
∑
i<j

Kij(XiXj + YiYj)−
∑
i

ωiZi, (2)

where the XX + Y Y flip-flop interaction preserves the
in-plane (S1) dynamics while introducing entanglement
and quantum tunnelling between phase configurations.
Superconducting-qubit circuits provide a digital testbed
for this spin-model dynamics: each qubit supplies a con-
trollable two-level oscillator degree of freedom on the
Bloch sphere.

Prior quantum simulation of the XY model uses ho-
mogeneous frequencies (ωi = ω for all i), preserv-
ing translational invariance and the well-characterised
BKT universality class [4, 5]. Theoretical quantum
Kuramoto models with heterogeneous frequencies ex-
ist [2, 3], and quantum synchronisation measures have
been proposed [11–14]. The present work contributes
a bounded superconducting-processor workflow for this
heterogeneous-frequency setting, with simulator and
hardware claims separated by artefact provenance.

We study the heterogeneous case using a 16-oscillator
coupling matrix Knm = Kbase · exp(−α|n − m|) with
Kbase = 0.45, α = 0.3, and empirically calibrated
nearest-neighbour anchors. The coupling matrix origi-
nates from a hierarchical oscillator model [16] and pro-
vides a non-trivial benchmark with exponential decay,
cross-scale boosts, and heterogeneous frequencies span-
ning a factor of 1.5.

METHODS

Hamiltonian construction

The XY Hamiltonian (2) is constructed directly in the
computational basis via bitwise flip-flop operations, by-
passing Qiskit’s SparsePauliOp:

Hk, k⊕maskij
= −2Kij when bi(k) ̸= bj(k), (3)

Hkk = −
∑
i

ωi(1− 2bi(k)), (4)

where bi(k) is the i-th bit of basis state |k⟩ and maskij
flips bits i and j. Current benchmark artefacts report
bounded Rust/PyO3 kernel-level acceleration for selected
tasks (Table I). Earlier unmatched internal timing num-
bers are not reported because they have not been repro-
duced under the current matched benchmark harness.

Analysis pipeline

Simulation diagnostics include half-chain entanglement
entropy S(A) and Schmidt gap ∆S = λ1 − λ2 (via
exact diagonalisation), Krylov complexity and Lanczos
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coefficients bn (complex Lanczos algorithm [8]), out-of-
time-order correlators F (t) = ⟨W †(t)V †W (t)V ⟩ (eigen-
decomposition approach [7]), and Floquet DTC analy-
sis (stroboscopic order parameter at subharmonic fre-
quency) [9]. Level-spacing statistics use the ratio r̄ =
⟨min(δn, δn+1)/max(δn, δn+1)⟩ [10].

Hardware evidence

The March 2026 ibm fez material is retained as a sep-
arate legacy artefact-backed campaign, not as the pro-
moted dataset for the later DLA/parity claim. Individ-
ual Bell, QKD, VQE, ZNE, Trotter, and UPDE values
must cite their committed result artefact or the hard-
ware ledger. The promoted raw-count IBM dataset is
the April 2026 ibm kingston Phase 1 DLA parity cam-
paign, which includes job IDs, counts, integrity checks,
and a count-to-statistic reproduction harness.

Statistical and artefact protocol

Every numerical claim in this overview is tied to one
of three evidence classes. Exact-simulation rows are de-
terministic within the specified Hamiltonian, system size,
and solver tolerance. Hardware rows are raw-count obser-
vations with job identifiers, shot counts, and committed
reducer scripts. Scaling rows are resource-boundary esti-
mates and are not promoted to broad quantum advantage
claims. This classification is necessary because the pa-
per combines heterogeneous evidence: Bell/QKD rows,
finite-size exact diagnostics, legacy IBM rows, and later
parity-sector campaigns have different statistical mean-
ing and should not be collapsed into one aggregate suc-
cess metric.

SIMULATION RESULTS

Entanglement at the synchronisation transition

The Schmidt gap shows a sharp minimum at K ≈ 3.44
for n = 8 (Fig. 1), marking the synchronisation transi-
tion. Entanglement entropy saturates at values consis-

TABLE I. Measured Rust vs. Python/Qiskit/scipy speedups.

Module Speedup Method

Knm build (n = 4) 5.89× Matched current harness

Knm build (n = 16) 3.71× Matched current harness

OTOC (n = 4) 264× Eigendecomp + rayon

Krylov (n = 3) 27× Complex Lanczos

Order param. (n = 4) 6.2× Batch Pauli
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Heterogeneous-frequency Kuramoto-XY: entanglement at the synchronisation transition

FIG. 1. Half-chain entanglement entropy S(A) and Schmidt
gap ∆S across coupling strength for n = 2, 3, 4, 6, 8 oscillators
with heterogeneous frequencies.
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FIG. 2. Peak Krylov complexity and mean Lanczos coefficient
vs. coupling.

tent with the Calabrese–Cardy scaling S ∼ (c/3) lnL for
a c = 1 CFT [6].

Krylov complexity

Mean Lanczos coefficient ⟨bn⟩ grows linearly with K,
indicating that operator growth rate scales with coupling
strength (Fig. 2).

OTOC scrambling

Strong coupling scrambles 4× faster: t∗ = 0.28 (K =
4) vs. t∗ = 1.17 (K = 1) at n = 8 (Fig. 3).

TABLE II. Evidence classes used in this overview.

Class Examples Claim boundary

Exact simula-
tion

BKT, Krylov,
OTOC, DTC

finite-size diagnostics

Raw-count
hardware

Bell, QKD, DLA
rows

backend/window observa-
tions

Resource
boundary

exact crossover no broad advantage claim

Legacy arte-
fact

early Fez rows cited only by artefact path
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TABLE III. Programme roadmap linking the overview evi-
dence to the focused companion papers. The table is a map
of claim ownership, not an aggregate validation score.

Component Focused paper Positive knowledge gained

Exact diag-
nostics

This overview finite-size and resource-
boundary map

Software
methods

Rust/VQE
methods

reproducible artefact pipeline
and kernel bounds

DLA parity Phase 1 DLA
parity

real but multifactorial leakage
asymmetry

FIM term FIM Hamilto-
nian

negative design rule for direct
digital feedback

Reduced
Pauli

Phase 3 tomog-
raphy

channel-localised mechanism
boundary

Dynamic
feedback

S1 feedback backend-dependent control-
response boundary
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FIG. 3. OTOC F (t) at sub-critical (K = 1) and super-critical
(K = 4) coupling for n = 4, 6, 8.

Floquet discrete time crystal

The exact-simulation scan shows subharmonic re-
sponse across the 15 drive amplitudes tested with hetero-
geneous frequencies (Fig. 4). Within this finite-size diag-
nostic, frequency disorder does not remove the Floquet
response. The non-ergodic spectrum (Sec. ) is a can-
didate stabilisation mechanism rather than a hardware-
demonstrated DTC mechanism.

Finite-size scaling

The BKT ansatz gives Kc(∞) ≈ 2.20 in the current
finite-size fit (Fig. 5). The spectral-gap fits at n = 4, 6, 8
are consistent with BKT-like scaling, and the periodic-
boundary central-charge estimate is c = 1.04 at n = 8
(c = 1 expected for BKT). The failed or drifting larger-
size fits are treated as finite-size limitations, not as evi-
dence of asymptotic universality.
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FIG. 4. Subharmonic ratio P (Ω/2)/P (Ω) and mean R vs.
drive amplitude δ for n = 3, 4, 6.
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FIG. 5. Critical coupling Kc(N) from spectral gap minimum.
BKT ansatz (solid) vs. power law (dashed).

HARDWARE RESULTS

Bell test

Two independent Bell pairs yield S01 = 2.165 ± 0.02
and S23 = 2.188± 0.02, both violating the classical limit
of 2 at >8σ significance (Fig. 6).

QKD viability

Quantum bit error rate in matched bases: ZZ 5.5%,
XX 5.8% — below the BB84 security threshold of 11%.
Mismatched basis (ZX): 93.9% error, consistent with ba-
sis discrimination in this protocol.

ZNE stability

Mean ⟨Z⟩ varies by <2% across fold levels 1–9 for both
4-qubit and 8-qubit systems. Richardson extrapolation
provides <2% correction to raw values.

The ZNE row is therefore used as a stability diagnos-
tic, not as a strong mitigation claim. It shows that this
shallow legacy observable is not highly sensitive to the
tested folding levels, but it does not validate all later
DLA, FIM, or feedback observables. Those later papers
use their own readout/ZNE lanes when mitigation is part
of the claim.
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FIG. 6. Legacy artefact-backed ibm fez hardware cam-
paign from March 2026, retained for completeness and work-
flow context rather than promoted as the later DLA/parity
dataset. (a) Per-qubit ⟨Z⟩ heatmap. (b) 8-qubit expectations
show coupling pattern. (c) QKD QBER: 5.5%. (d) CHSH
S = 2.165 > 2.
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rows are artefact-backed context for the overview, not the
promoted evidence for the later DLA, FIM, Phase 3, or S1
claims. (a) ZZ correlation matrix. (b) Trotter order compar-
ison. (c) 16-qubit per-qubit ⟨Z⟩: alternating pattern visible.
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16-qubit dynamics

13 of 16 qubits show |⟨Z⟩| > 0.3 in the legacy UPDE
row, showing that part of the Kuramoto coupling pattern
remains visible, while the 16-qubit circuit is explicitly
noise-limited (Fig. 7).
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FIG. 8. Exact-simulation crossover anchored by completed
ibm fez hardware runs. Red points and fit show exact diag-
onalisation wall time; blue squares and dashed curve show
hardware QPU budget estimates for completed runs; green
triangles show the Rust Kuramoto ODE baseline. The
crossover at n ≈ 11.6 applies only to exact Hilbert-space sim-
ulation.

Exact-simulation crossover boundary

The completed qubit-scaling series provides a direct
resource boundary for exact Hilbert-space simulation.
Figure 8 combines the ibm fez hardware jobs at n =
4, 6, 8, 10, 12, 14 and the 16-qubit UPDE snapshot with
the committed classical baselines. Exact diagonalisation
grows from 0.1 ms at n = 4 to 26.8 s at n = 12 and
reaches the memory wall at n = 14–16 on the 32 GB
workstation used for the baseline. A log-linear fit to the
finite exact timings crosses the QPU budget envelope at
n ≈ 11.6.

This crossing is not a broad computational-advantage
claim. It is a boundary for exact state-vector/Hilbert-
space simulation of the Kuramoto–XY Hamiltonian. The
Rust Kuramoto ODE baseline remains in the millisecond
regime through n = 16, and the hardware data are noise-
limited beyond the shallowest circuits.

The crossover should be read together with the mem-
ory boundary. Exact dense methods encounter a state-
vector/Hamiltonian storage wall before the classical ODE
baseline does, and tensor-network or sparse methods can
move that boundary depending on the observable. The
figure is therefore useful as an engineering map for which
classical baseline is being challenged, not as a statement
that the hardware has outperformed all classical descrip-
tions of the oscillator model.

Ansatz comparison

The physics-informed Knm ansatz (CZ gates between
coupled pairs) concentrates 42% of probability in the top
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bitstring vs. 20% for TwoLocal and 21% for EfficientSU2
in this legacy hardware row, supporting the narrower
claim that topology-reflecting circuit design can improve
this benchmark against the two generic ansatze tested.

Non-ergodicity diagnostic

Level-spacing ratio r̄ distinguishes integrable (r̄ ≈
0.386, Poisson) from chaotic (r̄ ≈ 0.530, GOE) spec-
tra [10] (Fig. 9):

• n = 4: crosses Poisson to near-GOE at K ≈ 2.1.

• n = 6: stays mostly below GOE; chaos onset only
at K = 8.0.

• n = 8: never reaches GOE (max r̄ = 0.43).

Eigenstate entanglement sits 30–40% below the ther-
mal (Page) expectation but grows with N , ruling out
deep MBL. The correct characterisation is a non-ergodic
regime where heterogeneous frequencies protect the cou-
pling topology from thermal scrambling.

DISCUSSION

BKT-like finite-size diagnostics. Two diagnostics
support a BKT-like interpretation in the small systems
studied: the periodic-boundary central-charge estimate
c = 1.04 at n = 8 (expected c = 1), and spectral-gap
essential-singularity fits ∆ ∼ exp(−b/

√
K −Kc) with

R2 > 0.96 for the supported sizes. Larger-size drift keeps
this as a finite-size diagnostic rather than an asymptotic-
universality conclusion.

DTC resilience. The non-ergodic spectrum provides
a plausible mechanism in exact simulation: heteroge-

neous frequencies suppress thermalisation trends and co-
incide with a stable subharmonic response without re-
quiring deep MBL.

Noise budget. The 5.5% QBER and 94% state
preparation fidelity in the retained legacy rows indi-
cate usable shallow-circuit performance for the tested
Kuramoto–XY circuits. The 16-qubit row remains ex-
plicitly noise-limited (depth ≤ 50 CX gates).

Limitations. No quantum advantage is demon-
strated; classical solvers outperform at n ≤ 16 for
observable-level ODE baselines. The scaling crossover
in Fig. 8 is limited to exact Hilbert-space simulation and
should be read as a resource boundary, not as demon-
strated broad advantage. Trotter error at dt = 0.1 is
significant (sign flip at finer resolution). The coupling
matrix used here originates from a hierarchical oscillator
model [16]; the Kuramoto-to-XY mapping itself is stan-
dard physics and the analysis applies to any coupling
matrix. This overview also combines material generated
at different stages of the programme. It should therefore
be read as a map of the evidence stack rather than as a
single homogeneous experiment. The Phase 1, Phase 3,
FIM, and S1 papers provide the stricter individual claim
boundaries for the hardware rows that are most relevant
to publication. At the time of execution, authenticated
live QPU access for the hardware rows in this study was
limited to IBM Quantum hardware. The software and
artefact pipeline has provider-neutral routes for other
gate-model, trapped-ion, neutral-atom, photonic, anneal-
ing, analogue, and simulator targets, but those routes are
readiness infrastructure rather than live non-IBM exe-
cution evidence. We plan to rerun the same bounded
synchronisation payloads on additional hardware families
when compute allocations and provider access become
available.

PROVIDER ACCESS AND PROGRAMME
BOUNDARIES

The present stack should be read as an IBM-Heron
hardware programme with provider-neutral software
readiness, not as a cross-provider universality claim. IBM
Quantum was the authenticated QPU route available for
these campaigns at execution time. The framework al-
ready contains provider and aggregator surfaces for other
hardware families, but a software route is not evidence
of live hardware execution. Individual companion pa-
pers therefore state their IBM boundary briefly, while
this overview records the programme level reason: cross-
provider reruns are the next evidence class once compute
allocations and access are available. Until then, the posi-
tive contribution is the raw-count, preregistered, reducer-
bound methodology and the exact mechanism boundaries
it establishes inside the available IBM hardware window.
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CONCLUSION

We have presented a bounded quantum hardware
study of coupled-oscillator synchronisation with hetero-
geneous natural frequencies. Key results: Bell inequal-
ity violation (S = 2.165), sub-threshold QKD error rate
(5.5%), BKT critical coupling Kc ≈ 2.2 in the finite-
size fit, subharmonic Floquet response in exact simu-
lation, and a non-ergodic spectral regime at n = 8.
The software pipeline combines Python/Qiskit orches-
tration with Rust/PyO3 kernel acceleration for selected
reproducibility and benchmarking tasks. All code, data,
and 17 figures are open-source (AGPL-3.0) at https:

//github.com/anulum/scpn-quantum-control.

DATA AVAILABILITY

Simulation data, ledgered hardware artefacts, Python
modules, Rust engine source, and publication figures
are available at the GitHub repository under AGPL-3.0.
Zenodo archive: DOI 10.5281/zenodo.18821929.
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[16] M. Šotek, God of the Math — The SCPN Master Publi-

cations, Zenodo, DOI: 10.5281/zenodo.17419678 (2025).
[17] IBM Quantum, ibm fez backend specifications, https:

//quantum.cloud.ibm.com (2026).

https://github.com/anulum/scpn-quantum-control
https://github.com/anulum/scpn-quantum-control
https://doi.org/10.5281/zenodo.18821929
mailto:protoscience@anulum.li
https://quantum.cloud.ibm.com
https://quantum.cloud.ibm.com

	Quantum simulation of coupled-oscillator synchronisation on a 156-qubit superconducting processor
	Abstract
	Introduction
	Methods
	Hamiltonian construction
	Analysis pipeline
	Hardware evidence
	Statistical and artefact protocol

	Simulation results
	Entanglement at the synchronisation transition
	Krylov complexity
	OTOC scrambling
	Floquet discrete time crystal
	Finite-size scaling

	Hardware results
	Bell test
	QKD viability
	ZNE stability
	16-qubit dynamics
	Exact-simulation crossover boundary
	Ansatz comparison
	Non-ergodicity diagnostic

	Discussion
	Provider access and programme boundaries
	Conclusion
	Data availability
	References


